Supersymmetry analyses will potentially be a central area for experiments at the LHC and at a future e + e − linear collider. Results from the two facilities will mutually complement and augment each other so that a comprehensive and precise picture of the supersymmetric world can be developed. We will demonstrate in this report how coherent analyses at LHC and LC experiments can be used to explore the breaking mechanism of supersymmetry and to reconstruct the fundamental theory at high energies, in particular at the grand unification scale. This will be exemplified for minimal supergravity in detailed experimental simulations performed for the Snowmass reference point SPS1a.
Physics Base
The roots of standard particle physics are expected to go as deep as the Planck length of 10 −33 cm where gravity is intimately linked to the particle system. A stable bridge between the electroweak energy scale of 100 GeV and the vastly different Planck scale of Λ PL ∼ 10
19 GeV, and the (nearby) grand unification scale Λ GUT ∼ 10 16 GeV, is provided by supersymmetry. If this scenario is realized in nature, experimental methods must be developed to shed light on the physics phenomena near Λ GUT /Λ PL . Among other potential tools, the extrapolation of supersymmetry (SUSY) parameters measured at the LHC and an e + e − linear collider with high precision, can play a central rôle [1] . A rich ensemble of gauge and Yukawa couplings, and of gaugino/higgsino and scalar particle masses allows the detailed study of the supersymmetry breaking mechanism and the reconstruction of the physics scenario near the GUT/PL scale.
The reconstruction of physical structures at energies more than fourteen orders above the energies available through accelerators is a demanding task. Not only must a comprehensive picture be delineated near the electroweak scale, but the picture must be drawn, moreover, as precisely as possible to keep the errors small enough so that they do not blow up beyond control when the SUSY parameters are extrapolated over many orders of magnitude. The LHC [2] and a future e + e − linear collider (LC) [3] are a perfect tandem for solving such a problem: (i) While the colored supersymmetric particles, gluinos and squarks, can be generated with large rates for masses up to 2 to 3 TeV at the LHC, the strength of e + e − linear colliders is the comprehensive coverage of the non-colored particles, charginos/neutralinos and sleptons. If the extended Higgs spectrum is light, the Higgs particles can be discovered and investigated at both facilities; heavy Higgs bosons can be produced at the LHC in a major part of the parameter space; at an e + e − collider, without restriction, for masses up to the beam energy; (ii) If the analyses are performed coherently, the accuracies in measurements of cascade decays at LHC and in threshold production as well as decays of supersymmetric particles at LC complement and augment each other mutually so that a high-precision picture of the supersymmetric parameters at the electroweak scale can be drawn. Such a comprehensive and precise picture is necessary in order to carry out the evolution of the supersymmetric parameters to high scales, driven by perturbative loop effects that involve the entire supersymmetric particle spectrum. Minimal supergravity (mSUGRA) provides us with a scenario within which these general ideas can be quantified. The form of this theory has been developed in great detail, creating a platform on which semi-realistic experimental studies can be performed. Supersymmetry is broken in mSUGRA in a hidden sector and the breaking is transmitted to our eigenworld by gravity [4] . This mechanism suggests, yet does not enforce, the universality of the soft SUSY breaking parameters -gaugino and scalar masses, and trilinear couplings -at a scale that is generally identified with the unification scale. The (relatively) small number of parameters renders mSUGRA a well-constrained system that suggests itself in a natural way as a test ground for coherent experimental analyses at LHC and LC. The procedure will be exemplified for a specific set of parameters, defined as SPS1a among the Snowmass reference points [5] .
Minimal Supergravity: SPS1a
The mSUGRA Snowmass reference point SPS1a is characterised by the following values [5] :
for the universal gaugino mass M 1/2 , the scalar mass M 0 , the trilinear coupling A 0 , the sign of the higgsino parameter µ, and tan β, the ratio of the vacuum-expectation values of the two Higgs fields. As the modulus of the Higgsino parameter is fixed at the electroweak scale by requiring radiative electroweak symmetry breaking, µ is finally given by:
This reference point is compatible with the constraints from low-energy precision data, predicting BR(b → sγ) = 2.7 · 10 −4 and ∆[g µ − 2] = 17 · 10 −10 . The amount of cold dark matter is, with Ω χ h 2 = 0.18, on the high side but still compatible with recent WMAP data [6] if evaluated on their own without reference to other experimental results; moreover, only a slight shift in M 0 downwards drives the value to the central band of the data while such a shift does not alter any of the conclusions in this report in a significant way.
The form of the supersymmetric mass spectrum of SPS1a is shown in Fig. 1 . In this scenario the squarks and gluinos can be studied very well at the LHC while the noncolored gauginos and sleptons can be analyzed partly at LHC and in comprehensive form at an e + e − linear collider operating at a total energy below 1 TeV with high integrated luminosity close to 1 ab −1 . The masses can best be obtained at LHC by analyzing edge effects in the cascade decay spectra. The basic starting point is the identification of the a sequence of two-body decays:q L →χ 0 2 q →l R ℓq →χ 0 1 ℓℓq. This is effected through the detection of an edge structure of the invariant mass of opposite-sign same-flavour leptons from the χ 0 2 decay in events with multi-jets and E miss T . One can then measure the kinematic edges of the invariant mass distributions among the two leptons and the jet resulting from the above chain, and thus an approximately model-independent determination of the masses of the involved sparticles is obtained. This technique was developed in Refs. [7, 8] and is worked out in detail for point SPS1a in Ref. [9] . The four sparticle masses (q L ,χ Figure 1 : Spectrum of Higgs, gaugino/higgsino and sparticle masses in the mSUGRA scenario SPS1a; masses in GeV.
source of correlation comes from the fact that in most cases the uncertainty on the mass measurement is dominated by the systematic uncertainty on the hadronic energy scale of the experiment, which will affect all the measurements involving jets approximately by the same amount and in the same direction.
Two characteristic examples are shown in Fig. 2a : the edge in the di-lepton invariant mass distribution for the decayχ 0 2 →l R ℓ, and the endpoint of the invariant mass of two leptons plus a jet for the decayq L →χ 0 2 q. At linear colliders very precise mass values can be extracted from decay spectra and threshold scans [11] [12] [13] . The excitation curves for chargino production in S-waves [14] rise steeply with the velocity of the particles near the threshold and thus are very sensitive to their mass values; the same is true for mixed-chiral selectron pairs in
and for diagonal pairs in [13] . Other scalar sfermions, as well as neutralinos, are produced generally in P-waves, with a somewhat less steep threshold behaviour proportional to the third power of the velocity [13, 15] . Additional information, in particular on the lightest neutralinoχ 0 1 , can be obtained from decay spectra. Two characteristic examples of a threshold excitation curve and a decay spectrum are depicted in Fig. 2b .
Typical mass parameters and the related measurement errors are presented in Table 1 . The column denoted "LHC" collects the errors from the LHC analysis, the column "LC" the errors expected from the LC operating at energies up to 1 TeV with an integrated luminosity of ∼ 1 ab −1 . The error estimates are based on detector simulations for the production of the light sleptons,ẽ R ,μ R andτ 1 , in the continuum. For the light neutralinos and the light chargino threshold scans have been simulated. Details will be given elsewhere; see also Ref. [16] . The expected precision of the other particle masses is taken from Ref. [13] , or it is obtained by scaling the LC errors from the previous analysis in Ref. [11] , taking into account the fact that theχ 0 /χ ± cascade decays proceed dominantly via τ lep- tons in the reference point SPS1a, which is experimentally challenging. The third column of Tab. 1 denoted "LHC+LC" presents the corresponding errors if the experimental analyses are performed coherently, i.e. the light particle spectrum, studied at LC with very high precision, is used as an input set for the LHC analysis. Mixing parameters must be obtained from measurements of cross sections and polarization asymmetries, in particular from the production of chargino pairs and neutralino pairs [14, 15] , both in diagonal or mixed form:
]. The production cross sections for charginos are binomials of cos 2φ L,R , the mixing angles rotating current to mass eigenstates. Using polarized electron and positron beams, the cosines can be determined in a model-independent way.
Based on this high-precision information, the fundamental SUSY parameters can be extracted at low energy in analytic form. To lowest order:
where
The signs of M 1,3 with respect to M 2 follow from measurements of the cross sections forχχ production and gluino processes. In practice one-loop corrections to the mass relations have been used to improve on the accuracy.
The mass parameters of the sfermions are directly related to the physical masses if mixing effects are negligible:
with
Z denoting the Dterms. The non-trivial mixing angles in the sfermion sector of the third generation can be measured in a way similar to the charginos and neutralinos. The sfermion production cross sections for longitudinally polarized e + /e − beams are bilinear in cos/sin 2θf . The mixing angles and the two physical sfermion masses are related to the tri-linear couplings A f , the higgsino mass parameter µ and tan β(cot β) for down(up) type sfermions by:
This relation gives us the opportunity to measure A f if µ has been determined in the chargino sector. Accuracies expected for the SUSY Lagrange parameters at the electroweak scale for the reference point SPS1a are shown in Table 2 . The errors are presented for the coherent "LHC+LC" analysis. They have been obtained by fitting the LHC observables and Mass, ideal "LHC" "LC" "LHC+LC" χ [19] have been used. The electroweak gaugino and higgs/higgsino parameters cannot be determined individually through mass measurements at the LHC as the limited number of observable masses leaves this sector in the SPS1a system under-constrained. Moreover, the Lagrange mass parameters in the squark sector can be determined from the physical squark masses with sufficient accuracy only after the LHC mass measurements are complemented by LC measurements in the chargino/neutralino sector; this information is necessary as the relation between the mass parameters is affected by large loop corrections.
Reconstruction of the Fundamental SUSY Theory
As summarized in the previous section, the minimal supergravity scenario mSUGRA is characterized by the universal gaugino parameter M 1/2 , the scalar mass parameter M 0 and the trilinear coupling A 0 , all defined at the grand unification scale. These parameters are complemented by the sign of the higgs/higgsino mixing parameter µ, with the modulus determined by radiative symmetry breaking, and the mixing angle, tan β, in the Higgs sector. The fundamental mSUGRA parameters at the GUT scale are related to the low-energy parameters at the electroweak scale by supersymmetric renormalization group transfor-mations (RG) [20, 21] which to leading order generate the evolution for gauge couplings :
The index i runs over the gauge groups i = SU(3), SU(2), U(1). To leading order, the gauge couplings, and the gaugino and scalar mass parameters of soft-supersymmetry breaking depend on the Z transporters with
and b[SU 3 , SU 2 , U 1 ] = −3, 1, 33/5; the scalar mass parameters depend also on the Yukawa couplings h t , h b , h τ of the top quark, bottom quark and τ lepton.
for the slepton and squark doublets/singlets of generation l, and for the two Higgs doublets are linear combinations of the evolution coefficients Z; the coefficients c ′ jβ are of order unity. The shifts ∆M 2 β are nearly zero for the first two families of sfermions but they can be rather large for the third family and for the Higgs mass parameters, depending on the coefficients Z, the universal parameters M , depending on gauge and Yukawa couplings, are of order unity. Beyond the approximate solutions shown explicitly, the evolution equations have been solved numerically in the present analysis to two-loop order [21] and threshold effects have been incorporated at the low scale [22] . The 2-loop effects as given in Ref. [23] have been included for the neutral Higgs bosons and the µ parameter.
Gauge Coupling Unification
Measurements of the gauge couplings at the electroweak scale support very strongly the unification of the couplings at a scale M U ≃ 2 × 10 16 GeV [24] . The precision, being at the per-cent level, is surprisingly high after extrapolations over fourteen orders of magnitude in the energy from the electroweak scale to the grand unification scale M U . Conversely, the electroweak mixing angle has been predicted in this approach at the per-mille level. The evolution of the gauge couplings from low energy to the GUT scale M U is carried out at two-loop accuracy. The gauge couplings g 1 , g 2 , g 3 and the Yukawa couplings are calculated in the DR scheme by adopting the shifts given in Ref. [22] . These parameters are evolved to M U using 2-loop RGEs [21] . At 2-loop order the gauge couplings do not meet exactly [25] , the differences attributed to threshold effects at the unification scale M U which leave us with an ambiguity in the definition of M U . In this report we define M U as the scale, ad libitum, where α 1 = α 2 , denoted α U , in the RG evolution. The nonzero difference α 3 − α U at this scale is then accounted for by threshold effects of particles with masses of order M U . The quantitative evolution implies important constraints on the particle content at M U [26] . Based on the set of low-energy gauge and Yukawa parameters {α(m Z ), sin Fig 3. The evolution is performed for the mSUGRA reference point defined above. Unlike earlier analyses, the low-energy thresholds of supersymmetric particles can be calculated in this framework exactly without reference to effective SUSY scales. The outer lines in Fig. 3b correspond to the present experimental accuracy of the gauge couplings [27] :
.03, 1.7 · 10 −4 , 3 · 10 −3 }, and the spectrum of supersymmetric particles from LHC measurements complemented in the top-down approach for mSUGRA. The full bands demonstrate the improvement for the absolute errors {8 · 10 −3 , 10 −5 , 10 −3 } after operating GigaZ [28, 29] and inserting the complete spectrum from "LHC+LC" measurements. The expected accuracies in M U and α U are summarized in the values given in Tab. 3. The gap between α U and α 3 is bridged by contributions from high scale physics. Thus, for a typical set of SUSY parameters, the evolution of the gauge couplings from low to high scales leads to a precision of 1.5 per-cent for the Grand Unification picture.
Gaugino and Scalar Mass Parameters: Top-down Approach
The structure of the fundamental supersymmetric theory is assumed, in the top-down approach, to be defined uniquely at a high scale. In mSUGRA the set of parameters characterizing the specific form of the theory includes, among others, the scalar masses M 0 and the gaugino masses M 1/2 . These universal parameters are realized at the grand unification point M U . Evolving the parameters from the high scale down to the electroweak scale leads to a comprehensive set of predictions for the masses, mixings and couplings of the physical particles. Precision measurements of these observables can be exploited to determine the high-scale parameters M 0 , M 1/2 , etc., and to perform consistency tests of the underlying form of the theory. The small number of fundamental parameters, altogether five in mSUGRA, gives rise to many correlations between a large number of experimental observables. They define a set of necessary consistency conditions for the realization of the specific fundamental theory in nature.
Interludium: In addition to the experimental errors, theoretical uncertainties must be taken into account. They are generated by truncating the perturbation series for the evolution of the fundamental parameters in the DR scheme from the GUT scale to a low SUSY scaleM near the electroweak scale, and for the relation between the parameters at this point to the on-shell physical mass parameters, for instance. Truncating these series in one-to two-loop approximations leads to a residualM dependence that would be absent from the exact solutions and may therefore be interpreted as an estimate of the neglected higher-order effects.
We estimate these effects by varyingM between the electroweak scale and 1 TeV. The theoretical uncertainties of the physical masses and LHC observables derived in this way are listed in Tables 4 and 5 , respectively. They are of similar size as the differences found by comparing the observables with different state-of-the-art codes for the spectra [30] . The comparison of the present theoretical uncertainties with the experimental errors at LHC demonstrates that the two quantities do match cum grano salis at the same size.
Since LC experiments will reduce the experimental errors roughly by an order of magnitude, considerable theoretical efforts are needed in the future to reduce ∆ th to a level that matches the expected experimental precision at LC. Only then we can deepen our understanding of the underlying supersymmetric theory by tapping the full experimental potential of "LC" and of the combined "LHC+LC" analyses.
In the top-down approach, models of SUSY-breaking are tested by fitting their highscale parameters to experimental data. The minimum χ 2 of the fit gives a measure of the probability that the model is wrong. The results of such a fit of mSUGRA to anticipated "LHC", "LC", and "LHC+LC" measurements are shown in Table 6 and Fig. 4 . For the "LHC" case the observables in Table 5 have been used, for the LC the masses in Table 1 and for "LHC+LC" the complete information have been used. If mSUGRA is assumed to be the underlying supersymmetric theory, the universal parameters M 1/2 and M 0 can be determined at the LHC at the per-cent level. LC experiments and coherent "LHC+LC" analyzes improve the accuracy by an order of magnitude, thus allowing for much more powerful tests of the underlying supersymmetric theory. Table 6 takes only experimental errors into account. The accuracy of the present theoretical calculations matches the errors of the "LHC" analysis and can thus be included in a meaningful way in a combined experimental plus theoretical error analysis. Adding ∆ th and ∆ exp quadratically the errors of the "LHC" analysis increases to: ∆M 1/2 = 2.7 GeV, ∆M 0 = 2.9 GeV, ∆A 0 = 51 GeV, and ∆ tan β = 5. As argued above, significant theoretical improvements by an order of magnitude, i.e. "the next loop", are necessary to exploit fully the "LC" and "LHC+LC" potential.
The minimum χ 2 of the fit to mSUGRA as in Table 6 is indeed small, χ 
Gaugino and Scalar Mass Parameters: Bottom-up Approach
In the bottom-up approach the fundamental supersymmetric theory is reconstructed at the high scale from the available corpus of experimental data without any theoretical prejudice. This approach exploits the experimental information to the maximum extent possible and reflects an undistorted picture of our understanding of the basic theory.
At the present level of preparation in the "LHC" and "LC" sectors, such a program can only be carried out in coherent "LHC+LC" analyses while the separate information from either machine proves insufficient. The results for the evolution of the mass parameters from the electroweak scale to the GUT scale M U are shown in Fig. 5 .
On the left of Fig. 5a the evolution is presented for the gaugino parameters M −1 i , which clearly is under excellent control for the coherent "LHC+LC" analyses, while "LHC" [and "LC"] measurements alone are insufficient for the model-independent reconstruction of the parameters and the test of universality in the SU(3) × SU(2) × U(1) group space. The error ellipse for the unification of the gaugino masses in the final analysis is depicted on the right of Fig. 5a . Technical details of the "LHC+LC" analysis can be found in Ref. [1] .
In the same way the evolution of the scalar mass parameters can be studied, presented in Figs. 5b separately for the first/second and the third generation in "LHC+LC" analyses. Compared with the slepton parameters, the accuracy deteriorates for the squark parameters, and for the Higgs mass parameter M 2 H 2 . The origin of the differences between the errors for slepton and squark/Higgs mass parameters can be traced back to the numerical size of the coefficients in Eqs. (8) . Typical examples, evaluated at Q = 500 GeV, read as follows [1] :
While the coefficients for the sleptons are of order unity, the coefficients c j for the squarks grow very large, c j ≃ 5.0, so that small errors in M Parameter, ideal "LHC+LC" errors A representative set of the final mass values and the associated errors, after evolution from the electroweak scale to M U , are presented in Table 7 . It appears that the joint "LHC+LC"analysis generates a comprehensive and detailed picture of the fundamental SUSY parameters at the GUT/PL scale. Significant improvements however would be welcome in the squark sector where reduced experimental errors would refine the picture greatly.
Summary
We have shown in this brief report that in supersymmetric theories stable extrapolations can be performed from the electroweak scale to the grand unification scale, close to the Planck scale. This feature has been demonstrated compellingly in the evolution of the three gauge couplings and of the soft supersymmetry breaking parameters, which approach universal values at the GUT scale in minimal supergravity. As a detailed scenario we have adopted the Snowmass reference point SPS1a. It turns out that the information on the mSUGRA parameters at the GUT scale from pure "LHC" analyses is too limited to allow for the reconstruction of the high-scale theory in a model-independent way. The coherent "LHC+LC" analyses however in which the measurements of SUSY particle properties at LHC and LC mutually improve each other, result in a comprehensive and detailed picture of the supersymmetric particle system. In particular, the gaugino sector and the non-colored scalar sector are under excellent control. Though mSUGRA has been chosen as a specific example, the methodology can equally well be applied to left-right symmetric theories and to superstring theories. The analyses offer the exciting opportunity to determine intermediate scales in left-right symmetric theories and to measure effective string-theory parameters near the Planck scale.
Thus, a thorough analysis of the mechanism of supersymmetry breaking and the reconstruction of the fundamental supersymmetric theory at the grand unification scale has been shown possible in the high-precision high-energy experiments at LHC and LC. This point has been highlighted by performing a global mSUGRA fit of the universal parameters, c.f. Tab. 8 Accuracies at the level of per-cent to per-mille can be reached, allowing us to reconstruct the structure of nature at scales where gravity is linked with particle physics.
